Abstract: Flow-type landslides are a major global hazard. They occur worldwide, and are responsible for a large number of casualties, significant structural damage to property and infrastructure, and economic losses. The features of debris avalanches are particularly important, as they involve open slopes and affect triangular source areas when initial slides turn into avalanches through further failures or eventual soil entrainment. In this paper, the propagation stage of debris avalanches is numerically modelled to provide information such as the propagation pattern of the mobilized material and its velocity, thickness, and run-out distance. The use of a "depth-integrated" model has the following advantages: (i) it adequately accommodates the irregular topography of real slopes, which greatly affects the evolution of the propagation stage; and (ii) it is less time consuming than full three-dimensional approaches. The model is named "GeoFlow_SPH" and has previously been applied to theoretical, experimental, and real case histories. The behaviour of debris avalanches is analysed with particular attention to the apical angle, one of the main features of this type of landslide, in relation to soil rheology, hillslope geometry, and the geometric aspect ratio of the triggering area. The role of bed entrainment is also investigated with reference to differences in steepness of the uppermost parts of open slopes. First, simplified benchmark slopes are analysed using both water-like materials (with negligible shear strength) and debris-type materials (saturated frictional soil). Next, the paper addresses three important case studies from the Campania region of southern Italy (Cervinara, Nocera Inferiore, and Sarno), where debris avalanches occur in pyroclastic soils that originated from the eruptive products of the Mount Vesuvius volcano. In all of the cases analysed, the effects of erosion rate are compared with those of simulated soil propagation height, run-out distance, and velocity. In a novel contribution to the existing research, the results obtained from analysis of both the benchmark slopes and the real case histories indicate that landslide propagation depends on the interplay of rheology and bed entrainment. In particular, increased erosion growth rates correspond to shorter run-out distances, lower velocities, and larger propagation depths. It is further shown that erosion depth increases with either friction angle or the consolidation coefficient of pore-water pressure; the latter reduces bed entrainment but does not significantly affect the apical angle of debris avalanches. Globally, the results are particularly satisfactory because they indicate that the GeoFlow_SPH model is a suitable tool for the analysis and forecasting of debris avalanches.
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Introduction
Flow-type landslides (Hungr et al. 2001 (Hungr et al. , 2014 are a global hazard responsible for large numbers of casualties and widespread damage, as they travel long distances at extremely rapid velocities, and can affect large areas at the piedmonts of hillslopes, which provide favourable conditions for urban development and are thus often settled. In their classification of landslides, Hungr et al. (2001) define debris avalanches as "very rapid to extremely rapid shallow flows of partially or fully saturated debris on a steep slope, without confinement in an established channel". Debris avalanches merit special attention for the following distinctive features: (i) they affect open slopes, that is, shallow soil deposits with nearly constant depths and slope angles generally between 30°and 45°; (ii) they originate as small landslides (the failure stage) involving 1-2 m thick deposits of coarse-grained and cohesionless soils; and (iii) their initial volumes increase in triangular areas (the post-failure stage) by means of complex mechanisms (Chen et al. 2006; Crosta et al. 2006; Cascini et al. 2013a ). The focus of this paper is debris avalanches involving coarse-grained soils, that is, sands and gravels, of which typical examples are found in torrent deposits in the USA (Costa and Williams 1984) , decomposed granitic soils in Japan (Wang et al. 2003) , pyroclastic deposits in southern Italy (Revellino et al. 2004; Cascini et al. 2008) , debris deposits in Valtellina (northern Italy) (Chen et al. 2006 ) and colluvial soils in British Columbia (Hungr et al. 2008) . Regardless of environmental context, debris avalanches always form a distinctive triangular shape, rather like snow avalanches (Jamieson and Stethem 2002, among others) . They are generally <200 m in width, with an uppermost zone of a few metres, and the lengths of their source areas vary from 300 to 500 m. The volumes involved range from a few hundred cubic metres to several tens of thousands of cubic metres (Hungr et al. 2008) . In some cases, debris avalanches also involve rocks and boulders, but this phenomenon is not analysed in this paper.
The advanced numerical modelling of debris avalanches may provide a valuable tool for the following purposes: (i) improving the understanding of the inception of debris avalanches (i.e., their triggering mechanisms and avalanche formation); (ii) evaluating the volume mobilized inside the avalanche source area, which is crucial to hazard and risk assessment and zoning; and consequently (iii) improving the ability to accurately forecast the features of this type of landslide.
This paper contributes to existing research on this topic by analysing the propagation stage of debris avalanches, with particular attention to the interplay of material rheology and bed entrainment. First, benchmark cases with water-like materials and mixed water and frictional materials (fully or partially saturated) are analysed. Next, three relevant case studies from the Campania region of southern Italy are selected and simulated to provide a wide range of event scenarios, such as (i) the cessation of the 2005 Nocera Inferiore debris avalanche at the toe of the hillslope, (ii) the evolution of the 1998 Sarno debris avalanche in two channelised debris flow paths, and (iii) the run-up of the 1999 Cervinara debris avalanche on the opposite slope, with the failed mass later channelising within the main valley. To this end, the depth-integrated "GeoFlow_SPH" model (SPH, smoothed particle hydrodynamics; Pastor et al. 2009 ) is used to simulate both propagation and entrainment phenomena using the empirical erosion law proposed by McDougall and Hungr (2005) . Finally, the results are used to offer insights into the run-out distances, propagation patterns, and bed entrainment of debris avalanches. In particular, it is shown that landslide propagation depends on the interplay of rheology and bed entrainment, erosion depths increase with either friction angle or consolidation coefficient, and bed entrainment is reduced by pore-water pressure.
Literature review
The peculiarities of debris avalanches have for many years motivated extensive research activities designed to improve the understanding and (or) characterization of debris avalanches and the modelling of real events and field evidence.
With regard to the characterization of debris avalanches, many studies have shown that the amount of entrained material can reach 40% of the volume triggered in the source area(s) (Cascini 2004 (Cascini , 2005 or more (Revellino et al. 2004) . Variation in the apical angles of debris avalanches (i.e., the angle between the lateral boundaries of the source area) has also been investigated (Di Crescenzo and Santo 2005) , and fairly weak correlations have been found between the apical angle and the morphometric features of a hillslope, and between the apical angle and soil-cover thickness. Experimental studies conducted by Daerr and Douady (1999) , Bowman et al. (2012) , Manzella and Labiouse (2009), and Crosta et al. (2006) found that loading perturbation in a thin layer causes avalanches to propagate downhill and laterally owing to collisions between neighbouring grains, resulting in triangular tracks, whereas loading perturbation in a thick layer creates an avalanche front that propagates upwards. Extensive research has been conducted on snow avalanches, which characteristically spread out into the shape of an inverted "V", especially within cohesionless near-surface layers of newly fallen snow or within the wet surface snow that results from melt (Jamieson and Stethem 2002; Pielmeier and Schneebeli 2003) . Sovilla and Bartelt (2002) , among others, highlight the importance of entrainment to the formation of snow avalanches through extensive in situ measurements of snow-avalanche heights in certain areas of Switzerland. Naaim et al. (2004) address both lateral spreading and entrainment using a frictional approach with satisfactory matching between theoretical and observed run-out and mobilized volumes.
More recently, Cascini et al. (2013a) distinguished between two stages in the inception of debris avalanches: the failure stage and the avalanche-formation stage. The former comprises all of the triggering mechanisms that cause the soil to fail; the latter is associated with an increase in unstable volume. Five zones can be identified within these stages (Fig. 1) . Zone 1 corresponds to small failures that occur at natural or anthropogenic discontinuities in soil deposits (respectively, bedrock outcrops and cut slopes). Zone 2 is the impact zone of the previously mentioned failed masses. This zone usually corresponds to water supplies from bedrock (either karst springs or water runoff at bedrock outcrops). In the absence of zone 1, zone 2 is the source area for small landslides triggered by water supplies from the bedrock. Zone 3 corresponds to two distinct mechanisms: the thrust of the failed mass on downslope stable material, and soil entrainment caused by the propagating mass. Zone 4 corresponds exclusively to soil entrainment. It is worth noting that whereas zones 1 and 2 are a few tens of metres in size, the widths of zones 3 and 4 are not known a priori, which makes it difficult to forecast their features. Zone 5 corresponds to propagation. The framework proposed for debris avalanches by Cascini et al. (2013a) is used in this paper with particular attention to zones 3-5, assuming a soil volume but without analysis of its triggering mechanism.
Both discrete and continuum soil mechanics have been used to model the propagation stage of debris avalanches (e.g., Calvetti et al. 2000; Fannin and Wise 2001; Pastor et al. 2002 Pastor et al. , 2004 Hungr and McDougall 2009; Viccione and Bovolin 2011) . In principle, discrete modelling is the best method for analysing the kinematics of granular media, and satisfactory back-analyses have been proposed, in particular for dry debris avalanches observed in the Italian Alps (Calvetti et al. 2000) and Switzerland (McDougall and Hungr 2004) . However, discrete approaches that accommodate the effects of pore-water pressure (Catalano et al. 2011 (Catalano et al. , 2014 are rarely used to model real case histories because they are extremely time consuming. McDougall and Hungr (2005) use a continuum-based approach to simulate reduced-scale tests of a 1 m long, 45°-inclined plane with and without an erodible zone in the middle of its slope. Their findings indicate that entrainment modifies the pattern of avalanche propagation. Pirulli and Pastor (2012) emphasise the importance of correctly simulating channel material entrainment during the propagation stage when analysing rapid landslides. However, most available approaches handle the heterogeneous and multiphase moving mass of a debris avalanche as a single-phase continuum. Conversely, Pastor et al. (2007) and Cascini et al. (2013a) use a continuum-based (depthintegrated) hydromechanical coupled SPH model to simulate debris avalanches and test the relative effects of pore-water pressure consolidation and material entrainment along the propagation path. Their findings indicate that both factors are related to the lateral spreading of the unstable mass, and that they also control the kinematic features of landslides, such as the propagation height and velocity. It is worth mentioning that also bed deformation may modify pore pressure during flow propagation (Iverson 2012) .
The literature provides extensive insights into the behaviour of debris avalanches, and several alternatives for modelling. The analysis of benchmark tests and real case histories is the most straightforward method of evaluating the potential efficacy and limitations of existing numerical tools.
Remarks on modelling of debris avalanches

Chosen model
The GeoFlow_SPH model proposed by Pastor et al. (2009) is used in this paper. The model is based on a theoretical framework proposed by Hutchinson (1986) and Pastor et al. (2002) , and schematizes the propagating mass as a solid-fluid mixture comprising a solid skeleton saturated with water. The unknowns are the velocity of the solid skeleton (v) and the pore-water pressure (p w ).
The governing equations are as follows: (i) the balance of mass of the mixture combined with the balance of linear momentum of the pore fluid; (ii) the balance of the linear momentum of the mixture; (iii) a rheological equation relating the soil-stress tensor to the deformation-rate tensor; and (iv) a kinematic relation between the deformation-rate tensor and velocity field, also known as the "rheological law". It is assumed that pore-water pressure dissipation takes place in the normal direction to the ground surface (one-dimensional consolidation) during the propagation stage. At this point, a propagation-consolidation model can be derived by regarding the velocity of the solid skeleton and pressure fields as the sum of two components, respectively, related to propagation and consolidation. As many flow-type landslides have small average depths compared with their lengths or widths, these equations can be integrated along the vertical axis. The resulting two-dimensional depth-integrated model offers both simplicity and a high level of accuracy. The GeoFlow_SPH model also accounts for bed entrainment along the landslide path, and the elevation of ground surface consistently decreases in time. (Cascini et al. 2013a ). I, spring from bedrock; II, impact loading; s, axis along the slope; ␣, angle of reach.
The entrained material is assumed to have nil velocity and nil pore-water pressure when entrained by the propagating mass. The erosion rate (e r ) is defined as a time derivative of the groundsurface elevation, and is equal to the time derivative of the soil depth of the propagating mass when other causes are not in play. The erosion rate is assumed to be equal to the product of three terms, as shown in eq. (1): the "landslide growth rate" (E r ), which is independent of flow velocity; propagation height (h); and flow velocity (v).
(1) e r ϭ E r hv
Once E r has been assigned, the amount of bed entrainmentthe cumulative value of the erosion rate over time, or eroded depth (h er ) -depends on both the height and velocity of the propagating mass and the time duration of the flow at each point on the landslide path. The GeoFlow_SPH model contains various empirical laws governing the landslide growth rate (E r ), such as the laws proposed by Hungr (1995) , Egashira et al. (2001a Egashira et al. ( , 2001b , McDougall and Hungr (2005) , and Blanc et al. (2011) . These laws have been also tested using real case studies (Pastor et al. 2007 Blanc et al. 2011; Sánchez et al. 2013 ). The simple yet effective law proposed by McDougall and Hungr (2005) is used in the following sections, primarily to achieve results comparable with those of most previous studies. The sensitivity of the model to landslide growth rate is investigated by changing this input within a wide range of values suggested by the literature. In particular, McDougall and Hungr (2005) relates landslide growth rate (E r ) to initial landslide volume (V initial ) and final landslide volume (V final ), and to the distance travelled (L), as follows:
The GeoFlow_SPH model uses a SPH method that discretizes the propagating mass into a set of moving "particles" or "nodes". Information such as unknowns and their derivatives is linked to the particles. The SPH discretization is carried out using a set of ordinary differential equations, and the accuracy of the numerical solution and the level of approximation for engineering purposes depend on how the nodes are spaced (Cuomo et al. 2013) . However, slope topography is represented by a digital terrain model (DTM), consisting of a mesh of as many square elements as is necessary to gain a detailed description of the ground surface without any additional effort (Cuomo et al. 2013) . In other words, the SPH computational nodes are independent of the elements of the DTM mesh.
Interested readers can find the details of this mathematical and numerical model in Pastor et al. (2009) and Blanc et al. (2011) . For the sake of clarity, the governing equations are provided here to illustrate the relationship between the basal-resistance and pore-pressure terms and the entrainment term, which has an important influence on the lateral spreading. Specifically, a depthaveraged model is obtained by integrating the balance of mass and momentum equations along depth (hereafter x 3 ). The following is obtained from the balance of mass equation:
where e r is the erosion rate [L T −1 ], h is the soil depth, t is time, and v is the depth-averaged velocity given by
Similarly, the balance of linear momentum equation first yields the following result:
where is the density of the solid-pore-fluid mixture; b denotes the gravity force components along depths x 1 and x 2 , and b 3 denotes the gravity forces along x 3 ; Z is the ground-surface elevation; and b is the basal shear stress, which is determined by a suitable rheological model. In the case of pure frictional fluids, the momentum equation gives the following result.
where b is the basal friction angle; n is the porosity; s and w are the densities of the solid particles and the pore fluid, respectively; and p wb is the basal pore pressure. The evolution of pore-water pressure is given by the following equation:
(7) dp wb dt ϭ The frictional model has been used extensively in the literature to investigate this type of shallow, fluidized landslide (Crosta et al. 2009; D'Agostino et al. 2013 , among others), and is thus suitable for use in this paper. Indeed, the use of the frictional model should be encouraged: it may help to reduce the current gap between initiation analysis and propagation analysis, both which are still performed using different mathematical-numerical models despite their shared basis in classical concepts of soil friction and pore-water pressure. The sensitivity of the GeoFlow_SPH model is discussed by Pastor et al. (2009) in relation to frictional rheological law. The Voellmy law (McDougall and Hungr 2004; Dahl et al. 2013 ) and the quadratic law (Julien and Lan 1991) , among others, are valuable rheological alternatives.
In the paper, it is assumed that the entrained material is similar to the body material of the landslide, such that the rheology does not significantly change along the landslide path. This is unrealistic in the case of landslides that entrain weaker material from the ground surface, such as giant debris avalanches containing rocks and boulders, which are beyond the scope of this paper. However, the assumption is acceptable in cases of debris avalanches that occur in coarse-grained soils (sands and gravels) along steep, unchannelised slopes.
The entrainment term (e r ) introduces to eq. (5) a velocitydependent resistance component, the role of which may differ from that of the frictional-resistance term ( b ), which is instead proportional to flow height. In addition, the entrainment term (e r ) appears in the balance equations for both mass and momentum (eqs. (3) and (5)), and is in turn dependent on both propagation height (h) and velocity (v) (eq. (1)). The kinematic variables (h and v) are strictly related to the basal-resistance term ( b ), which also depends on the pore-pressure term (eq. (7)). The effects of pore water are taken into account by measuring the relative height of the water (h w rel ), that is, the ratio of the height of the water table to the soil thickness, the relative pressure of the water (the ratio of pore-water pressure to liquefaction pressure, p w rel ), and the consolidation coefficient (c v ) is used to simulate a one-dimensional consolidation process (eq. (7)).
Benchmark cases
To assess the roles of entrainment, frictional basal resistance and pore-water pressure in the lateral spreading of the propagating mass, an ideal slope is parametrically analysed. The slope consists of two planes with inclines to the horizon of i 1 and i 2 (Fig. 2) . The failed volume is located at the uppermost edge of the upper slope, inside the so-called source area (Fig. 2 ) from which the material slips down. The propagation area of a debris avalanche is analysed with reference to the semi-apical angle (␤) computed from the lateral boundary of the debris avalanche to its axis at the source area. Other important features, such as the angle of reach (␣) formed by the line connecting the uppermost point of the landslide crown scarp to the distal boundary of the mass deposit in a longitudinal section, are not investigated here, as they also depend on piedmont characteristics (Cascini et al. 2011a ).
First, a material with a zero friction angle and a unit weight of 10 kN/m 3 is modelled to analyse the ideal case of a water-like material moving along an open slope (Table 1 ). Figure 3 clearly shows that with a sufficiently small slope angle, the transversal and longitudinal velocities of the propagating mass will be approximately equal and the semi-apical angle (␤) will approach 90°; larger slope angles produce greater longitudinal propagation velocities, which exceed transversal velocity, and smaller simulated semi-apical angles. In the case of a 500 m long hillslope with a 45°s teepness, the simulated semi-apical angle is about 11°. The results for fluid-like materials are also found to be independent of the dimensions (width/length) of the source area and the initial height of the material.
Several analyses of frictional-like materials are performed (Table 2) by varying the morphometric features of the hillslope (i 1 , i 2 , H slope ), the geometrical aspect ratio of the source area (B trig , L trig , h trig ), and the main rheological parameter (the friction angle of the propagating mass, b ). A fixed value for landslide growth rate (E r ) is used to account for the entrainment phenomena.
The results displayed in Fig. 4 correspond to the cases presented in Table 2 , and indicate that the greater the ratio of the triggering soil height to the length of the source area (h trig /L trig ), the greater the lateral spreading (␤), with a maximum of 8.3°reached in case 11d. The 8.3°maximum corresponds to a triggering soil height of 5 m. Such a high h trig value is likely to occur in zone 2 of the slope shown in Fig. 1 due to the impact of material falling from a bedrock scarp. It is worth noting that the semi-apical angles (␤) simulated for the frictional-like materials presented in Table 2 (Fig. 4) are in each case lower than those simulated for water-like materials (Fig. 3) . ntil a B trig /L trig value of 0.5 is reached, and then reduces to a minimum value of 3.2°, independent of relative pore-water pressure (p w rel ) at 0.5/1. Finally, Fig. 6 shows the time trend in simulated eroded depths for the cases in Table 2 at point P of Fig. 2 , on the boundary between slope and piedmont. The final eroded depths (h er ) range from 1 to 10 m, with an erosion rate (e r , defined in eq. (1)) ranging from 0.08 to 1.29 m/s (Fig. 6) , and an erosion time (t er , defined as the time in which bed entrainment occurs at a given point of the slope) ranging from 3.4 to 22.7 s (Fig. 6) .
Globally, the apical angle produced by frictional materials is always lower than that produced by fluid materials. In the case of frictional materials, basal shear stress is high enough to limit lateral spreading in the x direction (corresponding to any horizontal contour line), as shown in Fig. 2 , whereas the spreading of fluid materials in the x direction is only limited by the value of the flow height, which decreases as fast as the flow propagates in the y direction shown in Fig. 2 (i.e., downslope) . The eroded depths simulated at the boundary between slope and piedmont show two key characteristics: (i) they are the product of a combination of slope morphology, features of the triggering area, rheology, and bed entrainment; and (ii) they range consistently between 0.03 and 10.07 m for a wide array of debris avalanches in coarse-grained soils. Therefore, the results of the benchmark cases facilitate assessment of the roles and interplay of entrainment, rheology, and pore-water pressure, and provide theoretical values for apical angle (␤), erosion rate (e r ), eroded depth (h er ), and erosion time (t er ) in highly idealized cases. Using these results, the analysis of relevant case histories in the following sections can be approached with confidence.
Case study of Campania region of southern Italy
A 3000 km 2 area of the Campania region of southern Italy is covered with pyroclastic soils to a thickness of 1-5 m along the slopes, originating from the explosive activity of the SommaVesuvius volcano (Bilotta et al. 2005) . Flow-type landslides are a significant natural hazard in this area, causing frequent casualties and huge economic damage (Cascini et al. 2013b ). Although several debris avalanches have been recorded during past landslides in this area (Cascini et al. 2013b ), they have not yet been fully numerically modelled in the literature (Cascini et al. 2013a ) with attention to both bed entrainment and spatial-temporal variation in pore-water pressure in propagating masses.
However, extensive work has been done to characterize the mechanical properties of pyroclastic soils in stable conditions on the slopes. Pyroclastic soils have been shown to be fairly light materials, with unit soil weights of 13-15 kN/m 3 and effective friction angles of 33°-39° (Bilotta et al. 2005) . Cascini et al. (2010 Cascini et al. ( , 2013a Cascini et al. ( , 2013c offers detailed geomechanical models of the failure and post-failure stages of shallow landslides that originate in debris flows or debris avalanches in pyroclastic soils, providing evidence for the fundamental role of pore-water pressure in landslide behaviour. In addition, numerical analyses have been performed to investigate the rheology of pyroclastic soils involved in debris flows. The findings indicate that friction angle is drastically reduced (to 19°-22°) during the propagation stage, and that landslide growth rates may take a wide range of values, from 2.5 × 10 −4 to 8.2 × 10 −3 m −1 (Revellino et al. 2004; Pastor et al. 2009; Cascini et al. 2009 Cascini et al. , 2012 . This extensive existing research is used in this paper to numerically calibrate the material rheology and the growth rate of debris avalanches, with the following caveats: (i) laboratory testing conditions for the analysis of the propagation stage (e.g., using a rheometer) are highly idealized; (ii) laboratory investigations of pyroclastic materials are still limited; and Table 2 . List of simulated cases for a frictional entraining material along the benchmark slope shown in Fig. 2 . )   1  30  35  10  400  50  10  2  2  30  30  20  600  10  50  3  3  30  30  10  200  100  10  3  4  30  40  0  200  10  10  3  5  30  40  0  200  100  50  3  7  30  30  10  400  100  50  1  8  30  35  10  400  10  50  2  9  30  40  20  400  10  50  2  10  30  40  20  600  50  50  2  11a  30  40  20  600  50 Table 2 ) for frictional-like material. R 2 , coefficient of determination. Fig. 6 . Erosion depths simulated for point P in Fig. 2 (labels refer to numbering of Table 2 ) for frictional-like material.
(iii) few attempts have been made to model the propagation stage of debris avalanches in pyroclastic soils (Cascini et al. 2013a ).
This paper investigates three debris avalanches in the Campania region of Italy, spanning a wide variety of hillslope configurations and piedmont characteristics. The results are compared to provide overall insights into the behaviour of debris avalanches in pyroclastic soils.
Short run-out debris avalanche
The first case history examined is the Nocera Inferiore debris avalanche (4 March 2005), which was triggered at the intermediate portion (412 m above sea level (a.s.l.)) of the Monte Albino hillslope (1100 m high), spread out at a semi-apical angle (␤) of about 9°and stopped at the piedmont area (100 m a.s.l.) after a propagation distance of only 500 m (Fig. 7) . The peculiarities of the avalanche's propagation and deposition stages prompt the advanced numerical analysis performed here using the GeoFlow_SPH model.
A DTM comprising a mesh of 9348 5 m × 5 m squares is used to conduct the numerical analysis, with the initial mass schematized into a set of 2369 SPH computational points, 1 m spaced and with a uniform height of 1-2 m over a source area (data from Pagano 2009). The rheological parameters proposed by Pastor et al. (2009) are used; the landslide growth rate (E r ) is assumed to fall between 4.0 × 10 −4 and 1.0 × 10 −2 m −1 ; and a full parametric analysis (Table 3) is carried out to adequately simulate the observed behaviour of the landslide.
The results indicate that bed entrainment plays a major role in the whole propagation pattern (Fig. 8) , as is clear from cases 7b and 7a in Table 3 . In the former case, bed entrainment causes the cessation of the landslide at the piedmont, in agreement with the in situ observations; in the latter case, the landslide exhibits a much longer run-out distance, as bed entrainment is disregarded. The results shown in Fig. 8b provide a satisfactory simulation of the observed behaviour, with the exception of the lateral righthand boundary of the debris avalanche, where it may be argued that another unstable mass was triggered. In particular, the rheological values (p w rel , c v , h w rel ) used in the best-fit case (case 7b in Table 3 ) are consistent with those used by Cascini et al. (2012) to back-analyse a debris flow that occurred at a similar site (Sarno, about 9 km from the study area), with the exception of the frictional angle, which is 19°in the Nocera Inferiore case and 22°as observed by Cascini et al. (2012) . However, the back-analysed landslide growth rate for Nocera Inferiore is 8.2 × 10 −3 m −1 , which is consistent with the rates observed by Cascini et al. (2012 Cascini et al. ( , 2013a for similar landslides in Sarno. Due to the high value of E r , the simulated erosion heights attain 4 m at the piedmont area of the hillslope, where the simulated soil heights reach up to 10 m, thus causing the abrupt cessation and deposition of the propagating mass. Figure 9 is designed to clarify the understanding of the landslide's behaviour. It shows the simulated eroded heights (h er ) for a representative point (point P in Fig. 8 ) at the lowest part of the hillslope, close to the piedmont boundary. An increased friction angle ( b ) is found to increase the simulated eroded heights. However, bed entrainment is reduced by an increase in either pore- Note: p w rel = 1.0. Table 3 compared with in situ evidence.
water pressure (p w rel ) or the relative height of the water (h w rel ). An increased consolidation coefficient (c v ) is analogous to an increased friction angle because basal shear stress increases as soon as pore-water pressure dissipates. In all of the cases under study, the eroded heights range from 0.6 to 1.60 m, in agreement with in situ observations of these events. In the best-fit case, the simulated erosion rate of the 2005 debris avalanche (e r ) is 0.23 m/s, and the simulated erosion time (t er ) is 4.7 s, which are both consistent with the results achieved for the benchmark case discussed in the section "Benchmark cases". Finally, it is interesting to note that satisfactory results cannot be obtained by increasing the basal resistance (e.g., frictional angle) without considering entrainment. In fact, entrainment introduces into eq. (5) a velocity-dependent resistance component that increases as the unstable mass travels along the slope and approaches the piedmont zone; in contrast, frictional resistance is only related to flow height, which diminishes as the debris avalanche propagates downslope due to lateral spreading.
Debris avalanche bifurcated into two debris flows
Unlike the previous case, a debris avalanche may be triggered at the uppermost part of a hillslope, and unstable material may propagate into a well-established channel or even spread into two or more valleys. The latter case was recorded on 5 May 1998 at the Pizzo d'Alvano massif (about 1000 m high), in the Cortadonica basin. A debris avalanche was triggered at 745 m a.s.l., enlarged along the hillslope at a semi-apical angle (␤) of about 7°, travelled for 510 m, then divided in two wide valleys. It propagated over a total run-out distance of 1.95 km up to the piedmont area at 65 m a.s.l. (Fig. 10) .
The numerical analysis of this case (Table 4) is performed using a 3 m × 3 m DTM from which a topographic mesh of 35 520 squares is derived. The initial mass is schematized into a set of 639 SPH points, 1 m spaced, with a uniform soil height of 1-2 m over the impact zone (data from Cascini et al. 2005 Cascini et al. , 2008 . A frictional model is used to analyse the rheological behaviour of the unstable mass, based on the rheological parameters used by Pastor et al. (2009) to back-analyse an important channelised landslide that occurred during the May 1998 event in a neighbouring mountain basin. The landslide growth rate is assumed to range from 1.3 × 10 −4 to 8.2 × 10 −2 m −1 , which is similar to the rate of the Nocera Inferiore landslide, due to important similarities between either morphometric hillslope features or soil mechanical parameters in the two areas under study (Cascini et al. 2013a ).
The results shown in Fig. 11b provide a satisfactory simulation of the observed behaviour of the landslide, especially in terms of the lateral boundary of the debris avalanche and the splitting of its initial mass into two channels. The estimated landslide growth rate is 4.0 × 10 −3 m −1 , which is half of the value estimated for the Nocera landslide. Moreover, the rheological parameters (case 12 of Table 4 ) closely match those found by Cascini et al. (2012) , with the exception of minor differences in the frictional angle and consolidation coefficient (c v ). The simulated erosion rate (e r ) is 0.57 m/s, and the simulated erosion time (t er ) is 2.5 s. These values are quite similar to the equivalent measurements at Nocera. All of the results achieved for the Cortadonica debris avalanche show that the greater the friction angle (Fig. 12a) or erosion growth rate (Fig. 12b) , the higher the simulated eroded heights (h er ); similarly, if the consolidation coefficient (c v ) increases, the depth of erosion increases (Fig. 12a) . These results are shown in Fig. 12 , with reference to the simulated erosion height (h er ) of a representative point (point Q in Fig. 11 ) in the middle of the debrisavalanche source area. Moreover, it is shown that bed entrainment (Fig. 12b) decreases if the water-table height increases (h w rel ). These results are consistent with those obtained for the previous case history.
Debris avalanche with complex propagation pattern
The Cervinara site (Ioffredo Basin, 15 December 1999) provides a representative example of a debris avalanche evolving into a debris flow (Fig. 13) . The Cervinara debris avalanche (Damiano 2003; Olivares and Picarelli 2003; Cascini et al. 2011b ) was triggered at 720 m a.s.l., enlarged along the hillslope at a semi-apical angle (␤) of about 7°, travelled over a distance of 360 m and fell into a valley. It propagated over a total run-out distance of 1.4 km up to the piedmont area at 302 m a.s.l. (Fig. 14) . The numerical analyses of this avalanche are performed using a 2 m × 2 m DTM, giving a topographic mesh of 62 282 squares (Fig. 14) . All of the analyses refer to a set of 1600 SPH computational points, 1 m spaced and characterized by a uniform height of 2-4 m inside the source zone (data from Cascini et al. 2011b) . The entrainment rate is assumed to range from 2.0 × 10 −3 to 1.0 × 10 −2 m −1 , and Table 5 ), reproducing the typical triangular propagation zone, the run-up on the opposite slope and the final division of the propagating mass into two branches, which caused a debris flow in the larger valley and a small flow-type landslide in the smaller valley. This behaviour is simulated by dividing the topography in two parts: in the upper part, from 720 to 510 m a.s.l., E r is Fig. 15 ) at the middle section of the landslide. The eroded heights significantly increase if the friction angle or the consolidation coefficient (c v ) increases; however, the bed entrainment may also increase due to a reduction in porewater pressure (p w rel ) or water-table height (h w rel ). The Cervinara debris avalanche (similar to the Sano and Nocera Inferiore avalanches) shows a higher landslide growth rate (Table 6 ) than other debris flows occurring in the same region. In Table 6 , an overview is given of the erosion rates (e r ) and erosion times (t er ) computed for both the benchmark cases and the case studies under analysis. Investigating both of these sets of values may provide useful strategies for formulating and testing more accurate physical laws for bed entrainment, which is one of the key factors determining the behaviour of debris avalanches.
Concluding remarks
In this paper, the propagation stage of debris avalanches is numerically modelled. Debris avalanches have important and distinctive features, as they involve open slopes and affect triangular source areas in which initial slides spread out and turn into avalanches. In a novel contribution to the literature, the simulations in this paper accommodate the effects of pore-water pressure as an independent variable changing in space and time, via a onedimensional consolidation process during the propagation stage. In addition, bed entrainment is investigated by testing the simplified hypothesis -applicable to the class of phenomena investigated -that rheology is independent of entrainment. Therefore, the results offer valuable new insights into the behaviour of debris avalanches by providing a wide range of scenarios for comparison with the debris avalanches observed, simulated, and discussed in the existing literature.
The results of the benchmark tests show that the semi-apical angle (␤) of a debris avalanche depends on the material type, slope inclination, and geometric aspect ratio of the source area. In the case of water-like materials (i.e., with a zero friction angle), an increased slope inclination reduces the semi-apical angle because the material propagates to a greater degree along the slope than it spreads laterally. In particular, the semi-apical angle for a 45°h illslope is 11°, which could be considered an upper limit for debris avalanches involving completely liquefied materials and characterized by a negligible entrainment rate. Conversely, if bed entrainment occurs, either water or solid particles are mobilized, and frictional shear resistance reduces the lateral spreading of the propagating mass. However, a mixture of water and solid grains may also entrain a significant amount of bed material, slowing down the front of the debris avalanche and contributing to the lateral spreading of the landslide. In a novel contribution to existing research, these two relevant and contrasting mechanisms are analysed parametrically in this paper by varying the slope geometry, features of the source areas, material rheology, and entrainment features. In the cases analysed, the maximum semi-apical angle (␤) is found to be about 8°. Furthermore, the final eroded depths (h er ) are between 1 and 10 m, with an erosion rate (e r ) ranging from 0.08 to 0.91 m/s and an erosion time (t er ) ranging from 10.3 to 37.6 s.
Also addressed in this paper are three important case histories drawn from the Campania region of Italy (Cervinara, Nocera Inferiore, and Sarno), which provide examples of debris avalanches in pyroclastic soils that had not previously been back-analysed through numerical modelling. The results show that debris avalanches can be adequately simulated with water pressures similar to those used in back-analysis of certain debris flows occurring in the same regions and with lower or similar friction angles. In all of the case studies considered, the simulated erosion depths are highly consistent with the in situ evidence.
This research makes a major contribution to the existing literature in showing that landslide propagation depends on the interplay of rheology and bed entrainment. It also shows that simulated eroded heights increase with either friction angle ( b ) or consolidation coefficient (c v ), both of which amplify the basal shear resistance. For the same reason, an increase in pore-water pressure (p w rel ) or the relative height of the water (h w rel ) -corresponding to a reduction in basal shear resistance -reduces bed entrainment. However, pore-water pressure has only a minor role in the lateral spreading of debris avalanches, causing only moderate changes in apical angle.
As a whole, the results obtained confirm the efficacy of the chosen SPH depth-integrated coupled model in simulating the propagation stage of debris avalanches while taking into account the roles of soil rheology and erosion phenomena. Limitations of the present work rely on the simplifying assumptions that are encoded in the model (i.e., natural volume growth during entrainment and depth-integration of pore-water pressure), which certainly deserve further investigation. Cascini et al. (2013a) 0 
